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 This paper presents a numerical solution for low 
Reynolds number, unsteady flow around, and heat 
transfer from a stationary circular cylinder placed 
in a uniform flow. The fluid is assumed to be 
incompressible and of constant property. Two-
dimensional and unsteady mass continuity, 
momentum, and energy equations have been 
discretized using finite volume method. A SIMPLE 
algorithm has been applied for solving the pressure 
linked equations. The range of Reynolds numbers 
was investigated which varied from 50 to 300 with 
volume fraction on Cu nanoparticles  varying from 
1 to 5 % at the constant wall temperature. The 
results of the heat transfer characteristics of 
nanofluid flow over a circular cylinder showed 
marked improvement comparing with the base 
fluid. It is found that the vorticity, pressure 
coefficient, and recirculation length are increased 
by the addition of  nanoparticles into base fluid. 
Moreover, the local and mean Nusselt numbers are 
enhanced due to adding nanoparticles into base 
fluid. 
Keywords:  








1 Introduction  
 
The classical problem of viscous incompressible flow 
over a circular cylinder confined in a channel is one 
of the most widely studied problems in 
computational fluid dynamics (CFD). This type of 
flow problems frequently arise in various engineering 
fields. Because of its popularity, a plethora of 
numerical, theoretical and experimental results are 
available for this problem in the literature. 
For a certain range of Reynolds numbers, vortex 
shedding is observed with the pattern of alternating 
two-dimensional counter-rotating vortices 
convecting downstream representing the Kármán 
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vortex street (after von Kármán (1911) who studied 
the stability of the arrangement of the vortices in the 
wake). In the range of Reynolds numbers between  
40<Re<10000, Roshko A. [1] observed different 
regimes: a stable range characterised by laminar 
vortex shedding for 40<Re<150; a transition regime 
in the range 150<Re<300 with irregular bursts of the 
velocity in the wake and an irregular regime for 
300<Re<10000 where transition occurs in the 
separated shear layers.  
Some of the notable works on flow past a circular 
cylinder by the conventional numerical methods 
include those of [2] Rajani B. N. et al, in this study, 
we have four regimes of flow: creeping laminar state 
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(L1) of flow (0<Re<4); laminar ﬂow (L2) with steady 
separation (4<Re<48) forming a symmetric contra-
rotating pair of vortices in the near wake; laminar 
flow (L3) with periodic vortex shedding 
(48<Re<180) and finally, (L4) part of the transition-
in-wake (TrW) regime (180<Re<400) when the 
three- dimensional instabilities lead to the formation 
of streamwise vortex structure. Norberg C. [3] has 
reported the critical Reynolds number for the onset of 
vortex shedding to almost be constant at 
Re=47.4, but only for cylinders with aspect ratio 
larger than 40. This onset may be delayed as the 
aspect ratio decreases.  
Mahfouz and Badr [4] carried out a numerical study 
on a fixed and a rotationally oscillating cylinder 
between Re=40 and 200. They attempted to 
investigate the possibility of controlling heat transfer 
using a rotationally oscillating cylinder. Taneda S. 
[5], investigated flow past a rotationally oscillating 
cylinder at (30<Re<300) by means of ﬂow 
visualization, and found that vortex shedding 
completely disappears at a very high forcing 
frequency. Williamson [6] show the Strouhal number 
for flow over a single cylinder as the aspect ratio 
(AR) is increased. He showed that the Strouhal 
number is around 0.14 for aspect ratio so of 30 and 
below and around 0.16 for higher aspect ratios. 
By using different methods, such as expanding the 
effective heat transfer area or heat transfer 
coefficient, convective heat transfer can be 
moderated. Recently, a modern class of fluid, called 
nanofluid, has been  developed and is used to enhance 
the heat transfer.  
The study of convective transport of nanoﬂuids has 
gained considerable importance due to its 
applications. Most of the conventional transfer fluids 
like oil, water, and ethylene glycol have poor heat 
transfluids because the thermal conductivity of these 
fluids plays an important role on the heat transfer 
coefficient between the heat transfer medium and the 
heat transfer surface. Various numerical and 
experimental studies of the importance of these 
nanofluids has been studied and concluded in the 
literature. 
Experimental results [7-10] have illustrated that the 
thermal conductivity of nanofluid can be increased 
between 10-50% via introduction of a small volume 
fraction of nanoparticles.  
Dalkilic et al. [11] has reported critical information 
on theoretical, experimental, and numerical work 
related to forced convection heat transfer of 
nanofluids. Sarkar et al. [12] investigated 
numerically mixed convective heat transfer for non-
Newtonian nano-fluids around a square cylinder in a 
vertical flow configuration. They presented the 
effects of Re, Ri and φ numbers on heat transfer. The 
momentum and forced convection heat transfer for a 
laminar and steady free stream flow of nanoﬂuids 
past an isolated square cylinder have been studied 
numerically by Farooji et al. [13].  
Another numerical study on fluid flow and heat 
transfer around a solid circular cylinder utilizing 
nanofluid was done by Valipour and ZareGhadi [14]. 
Their results showed that as the solid volume fraction 
increases, the magnitude of minimum velocity in the 
wake region and recirculation length increases while 
separation angle decreases. Valipouret et al. [15] 
investigated a numerical simulation to study the fluid 
flow and heat transfer around a square cylinder 
utilizing Al2O3-H2O nanofluid for low Reynolds 
numbers. The Reynolds number varied within the 
range of 1 to 40 while the volume fraction of nano 
particles (φ) varied within the range of 0<φ<0.05. 
Comparison of the single and two-phase modeling 
for the nanofluids has been considered by the 
researchers. For instance, Fard et al. [16] compared 
the results of the single phase and two-phase 
numerical methods for nanofluids in a circular tube. 
They reported that for Cu-water the average relative 
error between experimental data and the CFD results 
based on a single-phase model was 16% while for 
two-phase model was 8%. In another numerical 
study, Göktepe et al. [17] compared these two models 
for nanoﬂuid convection at the entrance of a 
uniformly heated tube. They found the same results 
and confirm the accuracy of two-phase modeling.  
Since there is a lack of study in behavior of nanofluid 
around cylinder and due to its large application, the 
heat transfer from a circular cylinder with constant 
wall temperature is investigated by using numerical 
method.  
 
2 Governing equations and numerical 
method 
 
Consider the two-dimensional, laminar flow of an 
incompressible Newtonian fluid with a uniform inlet 
velocity U∞ and temperature T∞ across an infinitely 
long (in z-direction) circular cylinder (Fig. 1). To 
convert the physical problem into a computational 
equivalent, a circular cylinder of diameter D is placed 
concentrically in a circular domain of diameter D∞. 
The radius of the enveloping circular domain is 
chosen to be sufficiently large in order to minimize 
the boundary effects.  





Figure 1. Schematic of computational domain and 
coordinate system. 
 
The surface of the solid cylinder is maintained at a 
constant wall temperature, Tw. The thermo-physical 
properties of the streaming liquid are assumed to be 
independent of the temperature and the viscous 
dissipation effects in the energy equation are 
neglected in this study.  
 
2.1 Governing equations 
  
The flow and heat transfer phenomena are governed 
by the continuity, Navier–Stokes and thermal energy 
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2.2 Thermal properties of nanofluids 
 
Density:  
The density of nanofluids at different volume 
concentrations and temperatures are obtained from 
the literature. The nanofluids density calculated with 
the equation from Pak and Cho (1998). 
  
  nf f p 1-       (6) 
 
For typical nanofluids with nano particles of volume 
fraction less than 1%, a variation of less than 5% in 
the fluid density is expected. 
Specific heat: 
The specific heat of a nanofluid can be calculated by 
using energy balance as: 
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Where, φ is the nano particle volume fraction and is 
given as: 
   
 Volume of nanoparticles = Total volume of solution  (8) 
 
The Eqs. (6) and (7) were introduced by Buongiorno 
(2006). 
The Brownian motion has a signiﬁcant impact on the 
effective thermal conductivity. Koo and Kleinstreuer 
(2005) proposed that the effective thermal 
conductivity is composed of the particle’s 
conventional static part and a Brownian motion part. 
This 2-component thermal conductivity model takes 
into account the effects of particle size, particle 
volume fraction, and temperature. 
  
 nf static Brownian  k k k   (9) 
   
   
p f f pstatic
f p f f p
2 - 2 -  2
k k k kk
k k k k k


     (10) 
 
  4Brownian f p.f
p p
5 10 ,2
kTk C f T
d
    (11) 
 
Where k = 1.3809×10-23 J/K is the Boltzmann 
constant, and β is given as: 
 
 β  = 8.4407(100φ)-1.07304 (12) 
 
and f(T,φ) is given as: 
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The effective dynamic viscosity for the nano-ﬂuid 
could be calculated by the following equations 
(Corcione 2010): 
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where dp and df  represented the mean diameter of the 
nanoparticles and equivalent diameter of a base fluid 
molecule, respectively; M represented the molecular 
weight; N represented the Avogadro number = 
6.0229 1023 mol-1 ; and ρf0 is the density of the base 
fluid found at temperature = 293 K. 
 
2.3 Boundary conditions 
 
According to Fig. 1 the governing Eqs. (1) – (5) are 
subjected to the following boundary conditions: 
Inlet boundary ( r = R∞ = 40R,  -π/2 ≤ θ ≤ π/2 ): 
 
 Uθ  =  sinθ ,  Ur  = -cosθ  ,  T  =  T∞ (16) 
 
Outlet boundary  ( r = R∞ = 40R,  π/2 ≤ θ ≤ -π/2 ): 
 
 θ r  0  ,     0  ,     0U U T
r r r
  
      (17) 
  
Cylinder wall boundary (r = R , 0 ≤ θ ≤ 2π ): 
 
 Uθ  =  0 ,  Ur  = 0   ,  T  =  Tw (18) 
 
2.4 Auxiliary equations: 
 
 The wall pressure coefficient, CP, may be defined 













   (19) 
 
where, P0 is the pressure at the front stagnation 
point. 
 In the time-periodic flow regime, there is also a 
net force acting on the cylinder in the lateral 
direction and this is expressed in terms of a lift 
coefficient CL, defined as follows: 
  
 LL 2 0.5
FC
DU 
  (20) 
 
where FL is the lift force. 
 The local Nusselt number of the nanofluid, based 
on cylinder diameter is defined as: 
 
 nf
f along the cylinder surface
kNu
k n
     
 (21) 
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 Surface averaged Nusselt number of fully 






   (22) 
 
2.5 Grid generation 
 
In the present meshing scheme, cylinder with a 
diameter D resides in the center of the chosen 
computational domain. The outer boundary of the 
domain is circular with diameter D∞ from the center 
of the cylinder, Fig. 1. Number of node points along 
the cylinder circumference and along the normal 
direction is represented by ‘N’ and ‘M’ respectively. 
We use M=144 nodes stretched along the radial 
direction and N=121 equispaced nodes around the 
circumferential direction. The wall normal distance 
of the first internal grid point is maintained at  
Δr = 0.0001D , required for adequate resolution of the 
sharp near wall gradients of the flow variables. 
 
2.6 Numerical Method  
 
The present numerical investigation has been carried 
out using FLUENT (version 6.3.26). The 
unstructured quadrilateral cells of non-uniform grid 
spacing are generated using the commercial software 
GAMBIT (version 2.3.16). The grid is chosen to be 
sufficiently fine to capture the steep gradients in the 
vicinity of the cylinder. The second order upwind 
scheme has been used to discretize the convective 
terms in the momentum and energy equations. The 
SIMPLE scheme (semi implicit method for the 
pressure linked equations) is used for solving the 
pressure-velocity decoupling. FLUENT solves the 
system of algebraic equations using the Gauss–Siedel 
(G–S) point-by-point iterative method. 
The thermos-physical properties of the fluid and the 
nanoparticle, copper, are listed in Table 1.  
 
Table 1. Thermophysical properties of nanoparticle 
























3 Results and discussion  
  
3.1 Validation of results 
 
In order to validate our numerical solution, estimated 
results for drag coefficients in forced convective heat 
transfer of clear fluid flow around a circular cylinder 
are compared with the available data in the literature. 
The separate runs were necessary to determine the 
results at specific Reynolds numbers of 100 and 200. 
Table 2 compares the drag coefficient CD obtained in 
the present research with those from references [2-
18-19-20-21-22]. It is clear that the results are in very 
good agreement with the previous studies. 
 
Table 2. Comparison between the present results 
and literature data for at Re100 and 200 
 
Refrence Re =  100 Re =  200
 CD St CD St 
Ha. Roy [20] 
I. , M. S. [19] 
Ding et al. [18] 
B.N. Ra. [2] 
Lam et al. [21] 































Fig. 2 shows the temporal evolution of the lift and 
drag coefficients computed for Reynolds number 
Re = 100. The differences observed between the base 
fluid and nanofluid. The magnitude of the maximum 
lift coefficient and the mean drag coefficient are, in 
general, observed to be less for the base fluid. 
 
3.2 Fluid flow 
 
Fig. 3 shows the distribution of pressure coefficient 
for various solid volume fractions at the surface of 
cylinder. As shown in Fig.3, in favorable pressure 
gradient region, the value of Cp decreases for 
different solid volume fractions, however it increases 
in adverse pressure gradient region. At the 
accelerating flow zone covering the front part of the 
cylinder, the value of Cp is independent of volume 
fraction number. Its value approached to constant 
value of 1 for all values of φ. 
 
3.3 Heat transfer 
 
A comparison between local Nusselt number on the 
surface of cylinder for various Reynolds numbers and 
different solid volume fractions is shown in  Fig. 4. 
This figures indicate that any increase in the solid 
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Figure 2. Temporal evolution of lift and drag coefficients for laminar flow past a circular cylinder at Re = 100. 
 
a) b)   
 
Figure 3. Distribution of pressure coefficient around surface of cylinder for various solid volume fractions φ 
at a) Re = 50, b) Re = 100. 
 
a)      b)   
c) d)   
 
Figure 4. Variation of local Nusselt number on cylinder surface with various solid volume fraction φ at a) 
Re = 50, b) Re = 100, c) Re = 200, d) Re = 300





















































































































φ = 0.00 
φ = 0.05 
φ = 0.00 
φ = 0.01 
φ = 0.03 





















Engineering Review, Vol. 39, Issue 3, 261-269, 2019.  267 
________________________________________________________________________________________________________________________ 
Also, thermal boundary layer is decreased by any 
increase in solid volume fraction. It shows that local 
Nusselt number is enhanced by adding nanoparticles 
to the base fluid. The data show an increase of up to 
20% in convection heat transfer as the particle 




Figure 5. Variation of average Nusselt number on the 
wall of cylinder versus solid volume 




Figure 6. Variation of average Nusselt number on the 
wall of cylinder versus Reynolds number 
for different solid volume fractions, φ. 
 
The variation of average Nusselt number for different 
values of Reynolds number and solid fraction is 
shown in Fig. 5 and Fig. 6, respectively. In these 
figures, we show that an increase in both Reynolds 
numbers and solid volume fraction will increase the 
average Nusselt number. 
Fig. 7 illustrated the streamlines, vorticity and 
isotherm contours around the cylinder, for Reynolds 
numbers of 100 and 200. Here, the contours of base 
fluid and nanofluid are shown for comparison. Here, 
red lines are used for nanofluid and black solid lines 
are used for the base fluid. This figure indicated that 
the magnitude of the maximum negative velocity in 
recirculation zone is increased by any increment in 
solid concentration and Reynolds number. In the base 
fluid, the strength of the vorticity is increased in 
comparison with the nanofluid. 
 
 
For the temperature distribution contours, it can be 
concluded that the temperature contours are steeper 
in the near-wake region with increasing Reynolds 
number. This signifies that higher Reynolds number 
sets a higher temperature gradient, leading to an 
enhanced heat transfer from the cylinder. Thus, due 
to higher temperature gradient, temperature contours 
are much denser near the front surface of the cylinder. 
It can also be seen that the nanofluid show higher heat 
transfer rate from the cylinder than base fluid. 
 
 
a)                              b) 
Figure 7. The streamlines, vorticity and isotherm 
contours around the cylinder, (base fluid 
(black lines) and water/Cu 5% (red lines) 




Single models have been investigated for the 
characterization of laminar forced convection of Cu - 
water nanofluid with various concentrations around a 
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circular cylinder. In this article, the point of research  
was to evaluate the effect of nano-particle on 
convective heat transfer and flow characteristics. The 
significant observations made on the forced 
convection around a circular cylinder are 
summarized as follows: 
1) The vorticity, pressure coefﬁcient, and 
recirculation length are increased by the addition of 
nanoparticles into the base ﬂuid. 
2) The Local Nusselt number, average Nusselt 
number, and heat transfer coefficient of a nanoﬂuid is 
augmented by increasing the volume fraction of 
nanoparticles. 
3) The temperature gradient at the cylinder 
surface along normal direction drops with increase in 
nano particle concentration. However, there is an 
increase in the thermal conductivity of nanofluid, 
thus leading to increase in Nusselt number. 
 
Nomenclature 
CD         coefficient of drag  
CL            coefficient of lift 
D           cylinder diameter, m 
k            thermal conductivity, W/m K  
P            non-dimensional pressure 
Pr          Prandtl number, Pr = v/α 
Re          Reynolds number, Re = ρU∞D/μ 
t             non-dimensional time 
T            non- dimensional temperature  
Ur, Uθ    non-dimensional velocity components 
r,θ          non-dimensional coordinates 
 
Greek 
μ            viscosity 
ρ            density 
v             kinetic viscosity 
 
Subscripts 
∞            inlet condition 
w            wall 
avg         average 
f              fluid 
p             solid 
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